Homogeneous Function

A function y = f(x,,x,,---,x, )1s homogeneous of degree k if,
for any number s where s > 0

k
'Y = f(sx,8%,, -+, 85X )



Euler’'s Theorem

Homogeneity of degree 1 is often called
linear homogeneity.

An important property of homogeneous
functions is given by Euler’'s Theorem.



Euler’'s Theorem

For any multivariate function y = f(x,,x,,---,x, )

that 1s homogeneou s of degree k,

ky = x, fi(x, %5, ,x, )+ -+ X, f (X%, 0,X, )

for any set of values (x,,x,,---,x, ), where f(x,x,,---,x, )
1s the partial derivative of the function with respect to

its ith argument.



Proof Euler’'s Theorem

Definition homogeneou s function sk y=f(sx,8%,, -, 8x )
Take the partial derivative of the above with respect tos
ks“'y = x, f,(sx,,5%,, -+, 85X )+ + x_f.(5X,5%,,"+,5X,)
Letting s = /, we get Euler's Theorem

ky=x fi(x;, %5, %)+ 4 X, f, (X, %5,++, X,)

The converse of this theorem holds. If the above is true,

then theoriginal function is homogeneou s of degree .



Arguments of Functions that are

Homogeneous degree zero

Any function f(x,x,,---,x;,---,x, ) thatis homogeneous
of degree zero can be written as

f(ﬁ’&,_“,l’_“,x_n] fOl’ Clnyi=1,2,...,n.

X, X X,

1

Proof : Since the function is homogeneou s of degree 0,

Soﬂxl’x?”.’xi’.”’xn): ﬂsxl,sxz’...’sxi,...’sxn)

1
Let s =—, then
X.

1

X, X X
ﬂxl’xz’...,xi’...,xn):f(_l,_z,...,l,...,_nj

X, X X,

OED



First Partial Derivatives of

Homogeneous Functions

If the function, f (x1 S S )is homogeneou s of degree k,

then each of ists first partial derivatives
Of (. Xy, ,)

= forany1=1,2,---,n,1s homogeneou s

of degree k-1.



Proof of previous slide

We knowf(sxl,sxz,---,sxn)z Skf(xl,xz,---,xn)
8f(sx1,sx2,---,sxn) B 8f(sx1,sx2,---,sxn) d(sxl.)

ox, O(sx.) dx,

l l

=sﬁ(sx1,sx2,---,sxn) and

os* f (x5, x,)
OX,

l

=s"f (x1 S ) setting the twoequal

k
Sfl.(sxl,sxz,---,sxn)z S fl.(xl,xz,---,xn)or

k-l
fi(SXNSXz»'“»SXn)_S fi(xl’xza'”’xn)

Which implies the derivative 1s homogeneou s of degree k-1.



