Total Derivative



Graphing the Derivative

* When graphing the derivative, you are
graphing the slope of the original function.
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Graphing the Derivative

e When x<-2, the slopeis1
* When -2 <x<0, theslopeis -1

e At x=-2and x =0 the derivative does not exist—
why?
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Graphing the Derivative

For x > 0, the derivative is positive—estimated to be a slope of
latx=1

As x approaches 0 from the right, the derivative becomes
larger

As x approaches infinity, the derivative approaches 0.
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Graphing

Which is the f(x) and which is f’(x)?

The derivative is O (crosses the x-axis)
wherever there is a horizontal tangent

Y1 = f(x)
Y2 =1'(x)
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Calculating the Derivative

Notation

NOTATIONS FOR THE DERIVATIVE

The derivative of y = f(x) may be written in any of the following ways:

dy
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Constant Rule

If f(x) = k, where k is any real number, then

f'(x) =0

(The derivative of a constant is 0.)

If f(x) = 4, then £(x) = 0
If f(x) = 70, then f'(x) = 0



Power Rule

POWER RULE

If f(x) = x" for any real number n, then
f'(x) = nx"" 1.

(The derivative of f(x) = x" is found by multiplying by the exponent n and
decreasing the exponent on x by 1.)




Power Rule — Examples

* If f(x) = x5, find D,y
* D,y = 6x°1=6x°
o If f(x)= x,findﬂ

dx
jz 1x” =1 %mus’r be rewritten
3
o If —fmd Ay dy __3x4 -3

dx dx x*



Power Rule Examples

 Example 1: Given f(x) = 3x?, find f’(x).

e f’(x)=6x

 Example 2: Find the first derivative given f(x) = 8x.
e 8x°=8



Sum or Difference Rule

SUM OR DIFFERENCE RULE

If f(x) = u(x) = v(x),andif u’(x) and v'( x) exist, then
f'(x)=u(x) £v'(x).

(The derivative of a sum or difference of functions is the sum or difference of
the derivatives.)




Sum/Difference Examples

The Sum/Difference rule can be used on each
term in a polynomial to find the first
derivative.

Find f’(x), given f(x) = 5x* — 2x3 - 5x% + 8x + 11
f'(x) = 20x3 —6x>—10x + 8

The derivative of a constant is O because 11 is
the same as 11x°, which is (0)11x!



Sum/Difference Examples

* Find p’(t) given  p(t)=12t* -6/t =$

1
* Rewrite p(t):  p(t)=121* - 612 + 5+

1
p'(t)=48t> -3t 2 _5t7°



Applications

 Marginal variables can be cost, revenue,
and/or profit. Marginal refers to rates of

change.

* Since the derivative gives the rate of change of
a function, we find the derivative.



Application Example

The total cost in hundreds of dollars to

produce x thousand barrels of a beverage is
given by

C(x) = 4x? + 100x + 500
Find the marginal cost for x =5

C’(x) = 8x + 100; C’(5) = 140



Example Continued

After 5,000 barrels have been produced, the
cost to produce 1,000 more barrels will be
approximately $14,000

The actual cost will be C(6) — C(5): 144 or
$14,400



Product Rule

If f(x) =u(x)-v(x),andif u’(x) and v'( x) both exist, then
f(x) =u(x)-v'(x) +v(x) - u'(x).

(The derivative of a product of two functions is the first function times the
derivative of the second, plus the second function times the derivative of the
first.)




Product Rule - Example

e Let f(x) = (2x + 3)(3x?). Find f’'(x)
f*l':.t:l = u(.r) . v'(:::l + v{.r} d ﬂ'{:}.

* =(2x + 3)(6x) + (3x2?)(2)

e =12x2+ 18x + 6x%2 = 18x? + 18x



Power Rule

 Find f'(x) given that  f(x)= (ﬁ+3)(x2 —5x)

[XZ + 3](2x -5)+(x® - 5x)[% xzj

3 1
éx2 +6>x—§x2 -15
2 2



Quotient Rule

QUOTIENT RULE

If f(x) = u(x)/v(x), if all indicated derivatives exist, and if v(x) # 0, then

’ _ v(x)-u'(x) —u(x) - v'(x)
f (x) - [v(x)]2 .

(The derivative of a quotient is the denominator times the derivative of the
numerator, minus the numerator times the derivative of the denominator, all
divided by the square of the denominator.)




Quotient Rule Example

2x —1
4x + 3

_v(x) - w'(x) = ulx) - v'(x)
[v(x) ) '

(4x+3)(2)—(2x -1)(4)

(4x +3)°
10

(4x+3)2

* Find f'(x) if f(x) =

f'(x)




Product & Quotient Rules

(3—4x)(5x+1)
/x—-9

(7x-9)D[(3-4x)(5x +1)|-[(3-4x)(5x+1)]|D, (7x-9)

 Find Dx

(7x —9)°
(7x-9)[(3-4x)(5) + (5 + 1)(-4)] - (3+ 11x - 20x*)(7)
(7x -9)°

~140x° +360x-120
(7x —9)?




Partial differentiation

Definition of the partial derivative

® the partial derivative of f(x,y) with respect to x and y are

o J(x+Ax,y)- f(x,y) _ of

Ox =£_1g Ax (6x)y = I
o _ limf(x,y+Ay)—f(x,y)z(af)x _f
ay Ay—0 Ay ay Y

® for general n-variable

Of (X15X,5X5500009X,,) — im S (X5 X 000X, +AX; 500 X,)) = [ (X[ 53X 59000 geueX )

Ox. Ax; =0 Ax.

4 4

® second partial derivatives of two-variable function f(x.,y)

o o, 0'f o o of
ax(ax)_axz_fxx ay(ay)_ ayZ_fyy
85f_62f_ 88f_62f=
6x(6y)_6x6y_fxy ay(ax)_ayax I



Partial differentiation

The total differential and total derivative
x—>x+Ax and y > y+Ay= f > f+Af
Af = f(x+Ax, y+Ay)— f(x,)
=f(x+Ax, y+Ay)— f(x, y+Ay)+ f(x, y+Ay)— f(x,y)
:[f(X+Ax,y+Ay)—f(x,y+Ay)]Ax+[f(x,Y+Ay)—f(x,y)

Ax Ay

as Ax —»> 0 and Ay — 0, the total differential df is

df = 8f dx+ 8f
5y
for n-variable function f(x,x,,...x,)
df = 9 ——dx, + 9 ——dx, e +aidx
Ox, ox, ox,

variables x,, i =1,2,3,......,n, for a given x, = x,(x,)
the total derivative of f(x,,x,,..x;...x,) with respect to x, is
af af 6f dx2 of .dx,

= ) F cevneee + (=) — + et (=
dx, axl 6x2 dx1 Oox; dx, ox, dx,

1Ay



Partial differentiation

Ex: Find the total derivative of (x,y)=x*+3xy  with respect tp

y=sin"x that
i—2x+3y, af =3x; 9y = 12 1/2
Ox Oy dx (1-x°)
i=2x+3y+3x 12 72 =2x +3sin”' x + 3362 1/2
dx (1-x%) 1-x7)

The chain rule

for f = f(x,y) and x =x(u), y=y(u)

df_afd +f df 6fdx 6fdy
oy du 6xdu oy du

for many variables f(x,,x,,....,x,) and x;, = x,(u)

d Zafdx o dx, & dx, & dx,
u

10x, du Ox, du Ox, du ox, du

, given



Partial differentiation

Change of variables

f =f(x,X50000x,) and x; = x, (U, U, ey ll,))

— i = Zi axi ] = 1,2,...,m
Ou, 5 0x;0u;
Ex: Polar coordinates p and y, Cartesian coordinates x and y, x=pcoso,
2 2
y=psinQ, f(x,y) — g(p,d) transformé; j: + Z { into one in p and ¢
X y
op X op .
2= x4+ y2, = =cos @, — =sin
P y ox (224 yH)? ¢ ¢
2 .
4= tan” (y/x), op _ y/x : y ps:n¢ sing , op _Cosg
ox 1+(y/x) - x? +y? o, o, oy p
0 6p 6¢6 —cos¢ _s1n¢6’ azsin 6+c0s¢6
o ox ap ox 0¢ p O¢ Oy op p O0¢

2 2 2 2 2 2
o°f © af ) and 0 a('? af)jvzf(x’y)zaf o°f o0g 10g 10%g

+ = + +
ox?  ox 8x oy oy ay ox> oy’ op* pop p’og’



