Special functions

Gamma and Beta Functions



The factorial function
1 1

o0

joo o lie == | == e =0
2 o e (0

joo Yes du—t lxe‘”‘x — j OO(— leo‘xja’x
¢ o T e LAy

Similarly, j “xle dx = T I T xXle dx =

0 34

jo x"e “dx = > | x"edx=n! (a




Definition of the gamma function: recursion

relation e
- Gamma functionr(p)zj0 x""e"dx, p>0.

[(n)= joo x"edx = (n—1),
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F(n + 1) = Jm x"e “dx =n!.
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— Recursion relation 1”(1D+1)=J0 eensdio="11" iS¢

I(p+1)=pI(p)

— Example T(9/4)=(5/4)1(5/4)=(5/4)1/4)r(1/4)
so, T(1/4)+=T(9/4)=16/5.



The Gamma function of negative numbers

r<p)=§r<p+1> (p<0)

— Example
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I(-03)=——T1(0.7), T(-1.3)= 1 )r(o.7).
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cf. F(p)zll“(p+l)—>oo as p—0.
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— Using the above relation,

1) Gamma(p= negative integers) — infinite.

2) For p < 0, the sign changes alternatively in the intervals between
negative integers



Some important formulas involving gamma
functions
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Beta functions
B(p,q)z lep_l(l - x)q_ldx, p>0, g>0. cf. B(p,q)z B(q,p)
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Beta functions in terms of gamma functions

B(p.q)= 1;((2)2(5))

Prove)
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LEGENDRE’S DUPLICATION FORMULA

F(1+Z)F(Z+%j =22z T (2z+1) General proof in §13.3.
Rreokion™e: —7 —slmR, 3 s ( Case z = 0 is proved by inspection. )
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13.3. THE BETA FUNCTION
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ALTERNATE FORMS: DEFINITE
INTEGRALS
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To be used in integral rep. of Bessel (Ex.14.1.17)
& hypergeometric (Ex.18.5.12) functions



DERIVATION: LEGENDRE
DUPLICATION FORMULA
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