e Stokes’ Theorem

If F is a vector field on an open surface S and
boundary of surface S is a closed curve c,

therefore

I | K

curlF = VxF = ¢ 9 ﬂ
5 = oX o0y 0z

f fy f




—  Example:

Surface S is the combination of

i) a part of the cylinder x* + y* = 9 between z =0
and z =4 for y > 0.

I1) a half of the circle with radius3at z =4, and

1) plane y =0

It F =2z1+Xy |+ XxzKk, prove Stokes' Theorem

for this case.



We can divide surface S as
S,:x +y OforO=7=4andy 0
S ,:z =4, half of the circle with radius 3
o1y —40



/

We can also mark the pieces of curve C as
C,: Perimeter of a half circle with radius 3.
C,: Straight line from (-3,0,0) to (3,0,0).

Let say, we choose to evaluate L curlF-dS first,

Given F =zi+Xxy j+ Xxzk



So, —

curl F =

0 %) . %) 0 :
= (@(xz) —§<xy)jg+ (&‘Z) —&(xz)j ;

0 0
- (&(XY) —@(Z)jif

— (1-2) j+ yk
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>
By integrating each part of the surface,

(i) ForsurfaceS,:x°+y° =09,
VS, =2X1+ 2y |

and  |[VS,| = \/(2x)? + (2y)°
— 2\/x2 +y? =6




= o

2XI—|—2yj

VS 1
n=— —XI
N \VSJ = (X1+y J)
and
T 1
curl F-n=| (1- Z)j—l— ykj (3x1+§yjj

OOIH /—\

y(1-12).
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By using polar coordinate of cylinder ( because

S,:x°+Yy° =9 is apart of the cylinder),

X=pC0S¢, Y=pSing, 72=1
dS = pdedz

where
p=3 0<¢<rm dan 0<Lz<4



——— —

Therefore,
curl F-n= % y(1-2)

:%(psin¢)(1—z)

=sin¢(1—2z) ; because p =3

Also, dS = 3d¢ dz



——— —

»

= S curl If-dS = curllf-n dS

: S:Zioj;o(sin p(1—2))d¢ dz

— 3:04 (1-z)[-cos¢];dz

— 3.'04 (0 20 [ 1))dz

= —24



/

 —
(i) For surface S, :z=4 , normal vector unit to the

surfaceis N =K.

By using polar coordinate of plane

y=rsind, z=4 dan dS=rdrdd

where 0<r<3 and 0<L@<r.



/

= E-rj\:((l— 2) j+ ylfj-(lf)/

v 1sing
S curl If-d S — curl If-rJdS
r3 o Y
:.rzouezo(rsm 0)(rdrdo)
r3 o7 5
= resin@ dodr
Jr=0J6=0




(lll) For surface S, : y = 0, normal vector unit

to the surfaceis N=—J.
dS = dxdz

The integration limits : —3<x<3 and 0<z<4
So,
curl F-n=((1-2) J+ yk)-(=))
—7



P —
Then,

L curllf.d§: - curllf.rJdS

=[" [ (z-1) dzax

==

=24,
jcurIF.dS:j curIF.dS+_[ curl F.dS+ | curlF.dS
S ~ LS ~ ~ S ~ ~ S, > 3

=—-24+18+24
=18.



>
Now, we evaluate [& F.dr foreach pieces of the curve C.

1) C, Isa half of the circle.
Therefore, integration for C, will be more easier if we use
polar coordinate for plane with radius r = 3, that is

Xx=3c0sd, y=3sind dan z=0

where 0<0 <.



= F=zi+xyj+xzk
= (3cos 6)~(35in 0) |
=9sinfcoso j ~

and dr:dx[+dyi+dzlf
:_3sin9dé[+3cosed0j.



——— —

From here,
F.dr= 27sin6cos*6dao.

— F.d[:':27sin9c0529d9

C1~

T

—| —9¢os° 9}

2 0

=18.
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1) Curve C, Is a straight line defined as
x=tf, y=0 and z=0, where —-3<t<3.
Therefore, F = z[ + XY ]+ lef

:Q_

e F.d[:O.

Cz“‘



ﬂlf.d[: [ﬂ E A+ [ﬂ F df
=18+0
=18.

We already show that

.Scurllf.d§: [&If.d[

= Stokes' Theorem has been proved.



