Non-Homogeneous
Second Order
Differential Equation
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A non-homogeneous second order differential equation 1s of the form

d2 dy

L b oy =f(x
dx dx Y f()
Step 1

We find the general solution of the homogeneous
equation as before

The general solution to the equation

2
d +bdy

dx dx
1s known as the complementary function.

+cy=0



Step 2

Find a particular solution to the non homogeneous equation.
This solution is called the particular integral and looks

similar to f(x)

Step 3

The general solution of the non-homogeneous differential
equation 1s the sum of the complementary function and

the particular integral



How to find the particular integral
f(x) =2x+1.. particular integral is y = px +¢

f(x) =x” —1.. particular integral is y = px° + gx+r
note: f(x) =x" +0x-1
f (x) =4¢”* . particular integral is y = pe”*

f(x)=2sinx+cosx.. particular integral is y = psinx+gcosx

f (x) =3sin2x .. particular integral 1s y = psin2x+ g cos2x

note: f(x)=3sin2x+0cos2x



Find the general solution of the second
order differential equation

d’y dy
o dx

2y =4x+1

Complementary Function

k*—k—-2=0
(k=2)(k+1)=0
k=2and k=-1

y=Ae™* +Be™”



Particular Integral

y=px+q
dy dzy
— = p and =0
dx P dx?

2
P N S
dx- dx

(0)=(p)=2(px+q)=4x+
—-p—2px—2qg=4x+1

;ilix——zz;; 2q =] equate coefficients
S—2p=4andp=-2
l=-p-2q
—(-2)-2¢g =1
2-2qg=1

CIZE



y=px+q withp=-2 andq:%

1
y=—2x+ >
The general solution of the non-homogeneous differential
equation 1s the sum of the complementary function and
the particular integral

)’=Aezx+Be_x—2x+%



Find the general solution of the second

order differential equation

2
TV _ 4D 4y 0y 41
dx’ dx

Complementary Function
k*—4k+4=0
(k=2)(k-2)=0
k=2 equal roots
y= (Ax + B) e’



Particular Integral
2
y=px +qgx+r

dzy

=2
dx P
2
TV _ 4% 4y 0y 41
dx’ dx

(2]9)—4(2px—|—qr)+4(px2 —|—qx+r):2x2+l
2p—8px—4qg+4px +4gx+4r =2x" +1 equate coefficients
4 px” +(4q—8p)x+2p—4q—|—4r:2)c2 +1

4g—-8p =0 2p—4q+4r=1
49-8(1)=0  2(1)-4(1)+4r=1
4g=4..q= 4r=4.:r=1



. |
y=px2+qx+r Wlthp:E ,q:landrzl

I,
=—x"+x+1
Y 2
The general solution of the non-homogeneous differential
equation is the sum of the complementary function and

the particular integral

y=(Ax+B)ezx+%x2 +x+1



Find the general solution of the second

order differential equation

2
d J2/+2ﬂ—3y:1062x
dx dx

Complementary Function

k*+2k-3=0
(k+3)(k-1)=0
k=-3ork=1

y=Ae”" + Be"*



Particular Integral

y:p82x
dy 2 dzy 2
— =2pe~" and =4 pe™
dx ;D dx? P
d )2/+2Q—3y=1062x
dx dx

(4pezx)+2(2pezx)—3(pezx) =10e*"
4pe’* +4pe”* -3 pe’* =10e”

5pe’ =10e™

p=2

The complementary function y = 4de " + Be"

The particular intergral is y = 2

y=Ae”" + Be* +2¢”"



Find the general solution of the second

order differential equation

Z’i); +16y ="
Complementary Function
k> +16=0

k* =-16=16i"

k ==x4i

y=e" (Asin4x+Bcos4x)
y=Asin4x+ Bcos4dx



Particular Integral
—2x

Yy =pe
dy ) dzy )
— =—-2pe " and =4pe™
dx P dx’ P

2

d {+16y=e_2x

X
(4pe‘2x ) + 16(pe_2x) —e "
20 pe‘zx — e
20p =1

_
=50
y=Asin4x+ Bcos4dx
1 -2x

=—¢
Y720

: 1
y = Asindx+ Bcosdx+—e™

20

X



Find the general solution of the second

order differential equation

2
Y _ 4% 3, 10sinx
dx’ dx

Complementary Function
k*—4k+3=0
(k=3)(k-1)=0
k=3and k=1

y=Ae™ + Be"



Particular Integral
Yy =psinx+¢gcosx

d . d’ .
_y:pcosx—qsmx and )z/z—psmx—qcosx
dx dx

2
Y _ 4% 3, 10sinx
dx’  dx

(—psinx—qcosx)—4(pcosx—qsinx)+3(psinx+qcosx)lesinx
—psinx—qgcosx—4pcosx+4gsinx+3psinx+3gcosx =10sinx
—psinx+4gsinx+3psinx=10sinx..2p+4qg =10
—qcosx—4pcosx+3gcosx=0..-4p+2g=0

2p 4+ 4q = 10 x2 4p + 8¢ = 20

4p + 29 = 0 —4p + 2q¢ = 0

y=sInx+2cosx 10g=20..g=2andp=1

y= Ae’* + Be*

y=Ae™ + Be* +sinx+2cosx



Find the particular solution of the second

order differential equation

2
Y 4D 4y
dx’ dx
dy
x=0,y=2and —=1
dx

Complementary Function
k*—4k+4=0
(k=2)=0
k =2 equal roots
y= (Ax + b) e’



Particular Integral

y=pe

dy . . dy
‘@ d _

ng pe’ an - pe
Y 4D 4y

dx’ dx

(pe )—4(pex)+4(pex)=ex
pe =e .p=1

y=pxe y:(AanB)e2
y=e

y=(Ax+B)e™ +¢é°



y=(Ax+B)e* +e* x=0,y=2
2=(4(0)+B)e"” +¢°
2=B+1..B=1

y=(Ax+B)e’* + e

% 402 40 ( e B) Lo Product and Sum Rule
X

ﬂzl,Xanndel

dx
1= 4" +2™7 (4(0)+1)+e"

I=A+2(1)+1.. 4=-2

y=1-2x)e"" +¢é*



