Differential Equations



Summary (Recall)

Differential Operator, which 1s a linear operator.
Differential equation in linear operator form.

Auxiliary equation in terms of differential operator form.
Annihilator operator.

Annihilator operators of different functions.

Solution non-homogeneous equation with annihilator operator.



Method of variation of parameters

This method is more general method to solve the non-
homogeneous linear differential equation.

This method can be applied to DEs where the method of
undetermined coeflicients fails.

This method is not limited to the mput functions that are
combmations of four type of functions (constant, polynomial,

exponential and trigonometric). .
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It is also applicable to linear DEs with variable coefficients.

However, the particular integral () 1s only possible if the
associated homogeneous equation can be solved.



For first order equation:
The particular solution y, ofthe first order linear DE is

Vp = oI Pdx ejpdx S (o0)dx

This fornmla can also be derived by another method, known as
the variation of parameters. The basic procedure is same as

discussed in the lecture on construction of a second solution.

As el
is the solution of the homogeneous first order DE

%+P(x)y20, /\/

Therefore, the general solution of the equation is

Y :@)ﬁ(x) )



In the method of variation of parameters we assume

yp=u(x)n(x)
is a particular solution of the no(moge&

differential equation W 2\
Y

@+P(x) y=f(x) /

dx

v
Notice that the parameter c¢; has been replaced by the variable
u4(x). We substitute y,, in the given equation to obtain
- 0

Since,




So that we obtain /
' WS p(x)
b dx

This 1s a variable separable equation.

f(x)
du, = dx
Thus, (%)

Integration gives
U, (x) :chg) dx:je@ -f(x)a’x ,
A sp=ls)nl) Y

Therefore, y,—e [Pdv [ Pdx () g

“




Method for Second Order Equation:

We consider the second order linear non-homogeneous DE
ax)y"+a () +aley=gls)

Divide by« () , to gete
V' Plxly'+ Olx)y =

dard form

where

1(x)
a,(x)

a,(x)
,(x)

g(x)
a,(x)

(x

)=——,0(x)=

()=

are continuous on some interval /.

Consider the associated homogeneous DE,

V' +P(x)y'+0(x)y =0 - /



Complementary function: 9

Complementary function 1s
Ve =en(x)+eap(x) /

So that Y
P (x)y+0 (x)y =0
P ()40 (x),=0
Particular Integral

For finding a particular solution’», we replace the parameters a
c;and 1n the complementary function with the unknown variables

u,(x)and u, (x) So that the assumed particular integral is

J
Y =ul}x)y1 (x)+u2}x)y2 (x)



Since we seek to determine two unknown functions # and .

we need two equations involving these unknowns. One of

these two equations results from substituting the assumed”» in the
given differential equation. We impose the other equation to

simplify the first derivative and thereby the 2" derivative of 7»
P ' ' ' ' . ' ' ' '
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To avoid 2"¢ derivatives and u,, we impose the condition
/ /
+U =

Then, Yy =y +uyyy
Sothat  Vp =Wy tupy tupyy tusyy

Therefore’ " ' " o " P
Ypt Py, +0y, = wyp +uyp  + wpy; + ), /
— ' '
+Puyyy + Puyy, + Quyyy + Quyy,y



Substituting in the given non-homogeneous differential equation
YI”eldsl / " I ! ! !
uyHuy +ugyy Tuayy + Pugyp+ Pugyy +Quyyy +Quyyy = f(x)
" / O r_ ! ! /
or [y +Pyy+ Oy ]+uyly +PY2/zQY2]+ULY1 +uyy' = f(x)
Now making use of the relations a )(\4‘?

yl '+P (x))ﬁ +0Q (x)ylAZO /

it P (x)32+0 (%), =0 %l AR

L L —

wewl uira=W)
Hence “ and“. must be functlons that satisfy the equatloﬁs ao b

U

Wy, = /9 Ui, ) L
Wy,  t wy,= \N\D

By using the Cramer’s rule, the olutlon of this set]\ ff e%uatlons 1S
given by Y




where W.WanaW, and denote the following determinants
8w, o nl ]
L 2 1~ | 27
o»n f(x) » w o)
The determinant #can be 1dentified as the Wronskian of the
solutions » andy; Since the solutions » andy.are linearly
independent on /. Therefore /
20,V xel

(3 xhy, x)

Now integrating the expressions for «andu, we obtain the value of
“ and“-, hence the particular solution of the non-homogeneous

linear DE. UV A
Summary of the Method
To solve the second order non-homogeneous linear DE
ay' +ay +agy=gx)
using the variation of parameters, we need to perform the
following steps:



Step 1

We find the complementary function by solving the associated

homogeneous differential equation

" v f \/
ary +apy +ayy =0

Step 2
If the complementary function of the equation 1s given by
Ye=aytey
then » andy, are two linearly independent solutions of the
homogeneous differential equation. Computing Wronskian.
i Yo s
oy

W =

Step 3

By dividing with¢. , we transform the given non-homogeneous
equation into the standard form

v+ Py + Oy = f(x) |/

and we identify the function f(x).



Step 4

We now construct the determinants Wandw,given by

| &
Step 5 @ CI @

Wy =
Next we determine the derivatives of the unknown variables #“andu,
through the relations

Step 6

Integrate the derivatives w/andw, to find the unknown variables u,andu,

. So that /
ulszdx, u2:Jde

W W
Step 7

Write a particular solution of the given non-homogeneous
equation as

Yp =1 +tUryo /



Step 8

The general solution of the differential equation 1s then given by
Y=VeTVp=aiteyy+ upy+ip);

Constants of Integration .~

We don’t need to introduce the constants of integration, when
computing the indefinite integrals in step 6 to find the
unknown functions of «andu, . For, if we do introduce these
constants, then .~ J

Yy, = (u+a)y+ (u,+b)y,
So that the general solution of the given non-homogeneous
differential equation 1s

V=Y. 1TV, =0 T6), +(u1+a1)y1 +(u2ib_1)y2’

y=@)y1+(@)m U TUR))

or



If we replacec +4; withcyand o +5with C,, we obtain

y=Cn+ Gy tupy tugyy
This does not provide anything new and 1s similar to the general
solution found 1n step 8, namely

V=Y +6), TU )y +U,),

Example 1

Solve Y -4y +4y=(x+1)e”.
Solution: I
Step 1

To find the complementary function

L
y"'—4y'+4y=0 / ) m Aty

Put




Then the auxiliary equation 1s
m’ —4m+4=0

(m-2) =0,=m=2,2 7

Repeated real roots of the auxiliary equation

2x

yo=cen 4+ c,xe”
Step 2 /f\

By the inspection of the complementary function v, We make the

identification / Y 1, }
0
n=mip=et
Therefore J e \ ’
(.9)= €2 xe2® e T xe? 4 /
Wiy, vy :(e ,Xe )z =e 20, Vx
2e? o2F 4 o2

v/



Step 3 n
The given differential equation 1s
y' =4y +4y= (x+1)ezx
Since this equation is already in the standard form
V' +P(x)y+Olxly = £(x)
Therefore, we identify the function as

fx)=(x+1)e™

-~ .

Step 4
We now construct the determinjlnts
W - 0 xe* J |
b (x+1)ezx 2xe™ +e**
J
2x
e 0
w.o=| =(x+1)e"
2 2€2x (x n ) 2x ( ) \/




Step 5
We determine the derivatives of the functions w«anduin this step

v4 M{ZWI __(XH)xe/x _ .2

X —X

/4 ™
Wy, (x+1)e™

Step 6 Sy === at] y
Integrating the last two expressions, we obtain ? >Vl{ 7 i 27 L
|

3 2
X X

ulzj(—x2—x)dx:—?—— f

o~

2

x2 \/
(e = 1
Remember! JeetDs )

We don’t have to add the constants of integration.

Step 7

Therefore, a particular solution of then given differential equation

1S 3 /2 / 2\/
y :[_x_x]eQX +[x+x]xe2x



302
XX 2x
or y p [ ¢ + 5 ]e
Step 8
Hence, the general solution of the given differential equation 1s

2x [ X 2
Y=y ty :clezx+czxex+[€+—] X

p 2
Example 2 ,
Solve @%" +36y
Solution:
Step 1

To find the complementary function we solve the associated
homogeneous differential equation

4" +36y=0= " +9y =0 m=-
The auxiliary equation is m o J/ﬁ

m2+9=03m:i3i /



Roots of the auxiliary equation are complex. Therefore, the
complementary function 1s M. yqe

=] c0S3x + ¢y sin3x

Step 2 \N
From the complementary function, we identify
y| =c083x, yy =smn3x

as two linearly independent solutions of the associated
homogeneous equation. Therefore

TR
, cos 3x sin 3x V4
W(cos3x,sin3x)=| Y |=3 /
Step 3 —3sm3x 3cos3x

By dividing with , we put the given equation in the following
standard form |
y'+9y = chch.

So that we 1dentify the function as




Step 4

We now construct the determinants Ww,andw,

0 sin3x
W = =—lcsc3x-sin3x:—l /
chc3x 3cos3x 4
he b
cos3x
1 cos3x -
Step 5 —3sin3x —csc3x| 4sin3x
Therefore, the derivatives wjandu; are given by
, M 1 , Wy 1 cos3x
T T T T 123
X
Step 6

Integrating the last two equations w.z.¢ , we obtain

uj :—ix and u, :Lln‘sirﬁx‘
2 36

Here, no constants of integration are used.



Step 7

The particular solution of the non-homogeneous equation 1s
1 1

= ——XxC0S3x +—(sin3x)1n‘sin 3x‘
12 36

Yp -

Step 8

Hence, the general solution of the given differential equation 1s

. ] 1. .
y=yetyp=a cos3x + ¢y sm3x—Excos3x+£(sm3x)ln‘sm3x‘

Example 3 v

Solve y-yE-—.
Solution:

Step 1

For the complementary function consider the associated
homogeneous equatlon /
-y=0

To solve this equation we put

y:emx,yr:me yn:m2emx



Then the auxiliary equation is:
m> -1=0=m=1l

The roots of the auxiliary equation are real and distinct.
Therefore, the complementary function 1s

ye=cet +epe S
/ ~
Step 2
From the complementary function we find

V= ¢, V2= e_ic/

The functionsy: and y, are two linearly independent solutions of the
homogeneous equation. The Wronskian of these solutions 1s

X —X

W(ex, e_x):

Step 3

The given equation 1s already in the standard form

V'+p(x)y+0(x)y=1(x)



Here £ = 1 /

X

Step 4
We now form the determinants Y
w, =| ° e =—e ¥ (1/x)
1/x —e*
et 0 X 1V
- — ¥ (1)
Step S W) PR (1/x)

Therefore, the derivatives of the unknown functions and are
given by

ul,:Wl:_e_x(l/x):e"‘ 7
/4 -2 2x
u,_Wz_ex(l/x)__é S

w2 2

Step 6
We integrate these two equations to find the unknown functions

u,andu, . X
IJe _ ;Je Jx /

U =—
X




The integrals defining«andu, cannot be expressed in terms of the
clementary functions and 1t is customary to write such integral

as:
ul:l e—dt, U, = lJ € dt
2] 2), 1
Step 7
A particular solution of the non-homogeneous equations 1s
- Xt g
yp :;,exJ e—df—ge_xj e—df
Step 8 v ! x, !

Hence, the general solution of the given differential equation is

1 T e
_ _ X -X , - X X
y=yetyp=ce tege -|-2e J e dt 2e J " dt

'xO ‘xO



Problem
Solve the given differential equation by variation of parameters.
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For practice solve the problems from
Exercise 4.6
of your text book



Summary

Motivation for the method of variation of parameters.
Method for first order DEs.

Method for second order DEs. ) —
Summary of the method.

No need to add the constants./

Some examples. /



