Applications to solution of
difference equations,
Pulse Transfer Function



Inverse z-Transform

X(z2) = X (re’*) = F{z[n]r—"}, where z = re/* ¢ ROC
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Synthetic Division Method

« Write X(z) as a normalized rational polynomial in z ~! by
multiplying the numerator and denominator by z =V

z " (by+bz" +--+b,z7")
N

X(z)=

-1 —
l+az +---+ayz

* Perform long division of the numerator polynomial b?/ the denominator
polynomial to produce the quotient polynomial g(z ')

 Identify coefficients in the power series definition of X (z) where
X(2)=2"[9(0)+q()z" +q(2)z" ++-]

r=0-—>x[n]=gqln], rZO—)x[n]z{



Ex. Find the inverse z-transform of X (z)=3z" —z+2z""
X(2)=3z -z 2z

X(z)= iJC[n]Z_” = -x[—3]z‘(‘3) + x[-2] (2 4 x[—1] -~ (=D

n=—00

+x[0]+ x[1]z7" + x[2]z > + x[3]z"°

Equating coefficients,

X[n] — { ) '909 39 09_19 99 09 09 09 29 09 T }

Remarks: This method doesn’t produce a closed-form
expression for x[n]



Z-Transform Solution of Linear
Difference Equations

We can use z-transform to solve the difference
equation that characterizes a causal, linear, time
invariant system. The following expressions are
especially useful to solve the difference
equations:

z[y[(n-1)T] = z*Y(z) +y[-T]

Z[y(n-2)T] = z2Y(z) + z1y[-T] + y[-2T]
Z[y(n-3)T] = 23Y(z) + z2y[-T] + zly[-2T] +
y[-3T]



Example: Consider the following difference equation:

where the initial conditions are y[-T] = -10 and y[-2T] = 20.
Y[nT] is the output and x[nT] is the unit step input.

Solution:

Computing the z-transform of the difference
equation gives
Y(z) - 0.1[z1Y(z) + y[-T]] — 0.02[z2Y(z) + z'y[-T] + y[-
2T]] = 2X(z) — z1X(z)
Substituting the initial conditions we get
Y(z) - 0.1z1Y(z) +1 - 0.02z2Y(z) - 0.2z1 -0.4 =
(2 - z4)X(2)



1

(1-0.127" 00227 Jv (1) = 2 —z-l)1 02271 -0.6
ot/ /
Y(z)[l —0.2z7" - o.ozz—2]= 2= Z_ll —0.2z7"' - 0.6
—7Z
1.4—0.6z"' + 0.2z 1.4—0.6z"' +0.2z*

YOS i Ni—012-0.0227) 1=z Ji1—022 Y1+ 0.1z

_ 1.4z>° —0.6z" + 0.2z

 (z—1)z-0.2)z+0.1)

Y(2) _ 1.136 N —0.567 N 0.830
/4 z—1 z-0.2 z+0.1

L 0s67— 1 +oss0 !

1-7~ 1-0.2z7" 14+0.1z7"

Y(z)=1.136

and the output signal y[nT] is
y[nT] =1.136u[nT] - 0.567(0.2)" u[nT]+ 0.830(—0.1)" u[nT)



