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Discrete Memoryless Channels
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Channel Models

* Discrete Memoryless Channel

— Discrete-discrete
 Binary channel, M-ary channel

— Discrete-continuous

* M-ary channel with soft-decision (analog)

— Continuous-continuous
* Modulated waveform channels (QAM)



Discrete Memoryless Channel

 Discrete-discrete

— Binary channel, M-ary channel . 0

Probability transition matrix

PY =y |X=x) . . C | e >
. P(yi|xj):pji

Yo -1
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Discrete Memoryless Channel

* Discrete-continuous

— M-ary channel with soft-decision (analog)

output
AWGN X0
( | ) —1 —(y-x;)* /207 1
X, )= e e
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Discrete Memoryless Channel

Continuous-continuous

— Modulated waveform channels (QAM)

— Assume Band limited waveforms, bandwidth = W
» Sampling at Nyquist = 2W sample/s

— Then over interval of N = 2WT samples use an
orthogonal function expansion:
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= anfz(t)




Discrete Memoryless Channel

e Continuous-continuous

— Using orthogonal function expansion:

x(?) ’\\T/ ()
:;xl.fi(t) 0 =200
s =2 'OTya)ﬁ*(t)dr}/,.(r)
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Discrete Memoryless Channel

e Continuous-continuous

— Using orthogonal function expansion get an
equivalent discrete time channel:

=X, +n . .
N I~ "% Gaussian noise
X Y1
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Capacity of binary symmetric channel

- BSC X={01} Y={01




Capacity of binary symmetric channel

* Average Mutual Information

PY=0|X=0)
P(Y =0)
PY=1|X=0)
P(Y =1)
PY=0|X=1)
P(Y =0)
P(Y=1|X=1)
P(Y =1)

I(X;Y)=P(X =0)P(Y =0| X =0)log

P(X =0)P(Y =1| X =0)log

P(X =1)P(Y=0| X =1)log

P(X =D)P(Y =1| X =1)log

i ) ) I-p
=P(X =0)(1-p)log (1-p)P(X =0)+ pP(X =1) "

B P

) p
P(X =Dplog (1—p)P(X:O)+pP(X:1)+

P(X =1)(1-p)log pP(X =0)+(1- p)P(X =1)



Capacity of binary symmetric channel

* Channel Capacity 1s Maximum Information

— earlier showed: max(/(X;Y)) < P(X =1)= P(X =0) :%

) o o I-p
C—rnax(l(X,Y))—{P(X—0)(1 P8 G px =0ys ppx =1) |

) p
P(X =0)plog pP(X =0)+ (- p)P(X =1) '

) p
P(X =1)plog (l—p)P(X:O)+pP(X:1)+

P(X =1)1-p)log pP(X=0)+(1_p)P(X:1)}

P(X=D)=P(X=0)=1 1- p

=(1-p)log2(1—p)+ plog2p



Capacity of binary symmetric channel

* Channel Capacity

— When p=1 bits are inverted but information is perfect 1f
invert them back!

Capacity C

(bits/channel use)
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Probability of error, p

C=({-p)log,2(1-p)+plog,2p
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Capacity of binary symmetric channel

« Effect of SNR on Capacity
— Binary PAM signal (digital signal amplitude 2A4)
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Capacity of binary symmetric channel

e Effect of SNR
— Binary PAM signal (digital signal amplitude 2A4)
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Capacity of binary symmetric channel

e Effect of SNR
— Binary PAM signal (digital signal amplitude 2A4)
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Capacity of binary symmetric channel

e Effect of SNR
— Binary PAM signal (digital signal amplitude 2A4)
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Capacity of binary symmetric channel

e Effect of SNR
— Binary PAM signal (digital signal amplitude 2A4)

Amp litude
%=p=Q@ P j

1 ( . Amplitude j

= —erfc
2 2 \J2 rms noise

rms noise

C=(0-p)log2(1—-p)+plog2p



Capacity of binary symmetric channel

e Effect of SNR
— Binary PAM signal (digital signal amplitude 2A4)
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Capacity of binary symmetric channel

e Effect of SNR
— Binary PAM signal (digital signal amplitude 2A4)

C=(1- p)10g22(1 p)+plog,2p
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Capacity of binary symmetric channel

« Effect of SNR,
— Binary PAM signal (digital signal amplitude 2A4)

C=({-p)log,2(1-p)+plog,2p
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Channel Capacity of Discrete
Memoryless Channel

 Discrete-discrete

— Binary channel, M-ary channel . 0

Xp - Yo

Probability transition matrix

PY=y,|X=x) . , R -
. P(yi|xj):pji

Yo-1

P01



Channel Capacity of Discrete
Memoryless Channel

X3

Average Mutual Information

& (Y:yi|X:xj)

1X3Y) =2 2 PX =x)PY =y, | X =x)log —— 07—

_$S IP(x \P(y, | x,)log P, 1x)

j=0 1=l P(y])




Channel Capacity of Discrete
Memoryless Channel

Channel Capacity 1s Maximum Informatlon

Occurs for P(x;) = p,forall j
only if P = symmetrlc |
Otherwise must work out max P(x

Q
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Channel Capacity Discrete
Memoryless Channel

* Discrete-continuous X

* Channel Capacity

C =max(I/(X;Y)) max(ZJ. P(X=x)pY=y|X= x)logp(Y y|IX=x) J’j

£ PG p(Y =y)
where
z! p(y[ X =x)
p(Y =)= P(X =x)p(Y =y| X =x) |
i=0 P:
Py X =x)




Channel Capacity Discrete
Memoryless Channel

* Discrete-continuous ?
’ y
* Channel Capacity with AWGN
1

e—(y—xkf/zoz

P()’|xk)zﬁ

1 1 e—(y— ) /20
I oo 1 24 2
C=max| 3 [" P(X =) e log Ty
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i=0 \ 270




Channel Capacity Discrete
Memoryless Channel

* Binary Symmetric PAM-continuous =

e Maximum Information when:

PX=A)=P(X=-A4A)=

24% /257
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Channel Capacity Discrete
Memoryless Channel

* Binary Symmetric PAM-continuous

e Maximum Information when:
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Channel Capacity Discrete
Memoryless Channel

* Binary Symmetric PAM-continuous
e Ve
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Discrete Memoryless Channel

Continuous-continuous

— Modulated waveform channels (QAM)

— Assume Band limited waveforms, bandwidth = W
» Sampling at Nyquist = 2W sample/s

— Then over interval of N = 2WT samples use an
orthogonal function expansion:

(1) —@ . ¥(0)
:ﬁ:xl.fi(t) :Zyifi(t)

n(?)
= anfz(t)




Discrete Memoryless Channel

e Continuous-continuous

— Using orthogonal function expansion get an
equivalent discrete time channel:

=X, +n . .
N I~ "% Gaussian noise
X Y1
: 1 Y,

p(y | x-) — e_(yl'_x,-)z/2al.2
l l




Discrete Memoryless Channel

[

2 2
—(y;=x;)" /20

 Continuous-continuous Pl = gro=e
« Capacity 1s (Shannon) () Q . 0
| DRV =20
C =limmax —/(X;Y) =Y
T—© p(x) T =
N =2WT
X
I(XN;YN)=fX | -] pyy 1 x3)p(x,) log Py N)dXNdyN
vty pP(Yy)

:NOOOO Ay Yl p(yi|xi)d.d.
2 [ pO,1x)p(x)log v



Discrete Memoryless Channel

e Continuous-continuous
e Maximum Information when:

1 —x,;* /2072 Statistically independent

X. )= (& . .
P ( ; ) ) o zero mean Gaussian inputs

X

p(x)

N 202
then max[(XN;YN):zilog(lJr ij
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Discrete Memoryless Channel

e Continuous-continuous

* Constrain average power in x(?):

_ 2
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Discrete Memoryless Channel

[

2 2
—(y;=x;)" /20

« Continuous-continuous pilxn) ==
* Thus Capacity 1s: 0 Q > 0
1 DRV =20
= limmax —I(X,:Y,) . l_
C T —o0 pg) T ( N> N) :;niﬁ(t)
: 207
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Discrete Memoryless Channel

e Continuous-continuous

1

* Thus Normalized Capacity 1si) —

C

—=log,| 1+

/4

gb - 2C/W _1

N,

=log,| 1+

—

c/w

ayv

WN,

CE,
WN,

,but P =C¢&,

etab/No (d C/W
-1.44036 0.1

-1.36402 0.15
-1.24869 0.225
-1.07386 0.3375

-0.8075  0.50625

-0.39875 0.759375
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— ~(y;-x;)* 120}
Py | x;) \/?O'l e
@ > (1)
=Y 5 f0) =2 i)
i=1 n(t) i=1
= anfz ()

2.822545 2.562891

5.41099 3.844336
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16.65749 8.649756
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